Incorporating the Poisson jumps and exchange rate risk, this paper provides an analytical VaR to manage market risk of international portfolios over the subprime mortgage crisis. There are some properties in the model. First, different from past studies in portfolios valued only in one currency, this model considers portfolios not only with jumps but also with exchange rate risk, that is vital for investors in highly integrated global financial markets. Second, in general, the analytical VaR solution is more accurate than historical simulations in terms of backtesting and Christoffersen's independence test 1998 for small portfolios and large portfolios. In other words, the proposed model is reliable not only for a portfolio on specific stocks but also for a large portfolio. Third, the model can be regarded as the extension of that of Kupiec 1999 and Liao 2009 . 
Introduction
With liberalization and globalization of capital markets, foreign currency assets circulate rapidly around the world. In Taiwan, the official monthly statistic reports illustrate that the average percentage of investment in foreign assets relative to domestic assets has been approximately 46% at domestic commercial banks in the recent ten years. In Japan, the ratio is at least 5%, and around 9% in Korea. On average, the weight of foreign assets is around 20% at Asian banks, and the percentage is growing. Thus, controlling the market risk of portfolios composed of domestic assets and foreign assets is an increasing concern for financial institutions.
The VaR approach, which is defined as the maximal loss over a fixed target horizon with a given probability, is widely viewed as a measure of the market risk of portfolios. Portfolios may consist of options and other derivatives. Using the VaR measure, Hofmann and Platen 1 consider the market risk of a large diversified portfolio in which the returns' dynamic is distributed in normal diffusion. 1 Equally, the asset price follows a lognormal distribution. Substantial evidence exists in the empirical financial
Model Formulation
First, this paper assumes the following: i a value of an international portfolio is made up of the value of n kinds of domestic assets with m i,t shares and n classes of foreign assets with g i,t shares for each i ∈ {1, 2, . . . , n}; ii the capital market is a complete market with no transaction cost or tax; iii there exists a riskless interest rate for lenders and borrowers; iv the dynamics of domestic asset returns and exchange rate returns follow Poisson-jump diffusion over the interval of interest; foreign asset returns are distributed in normality, v exchange rates are quoted at the price of one unit of the foreign currencies in Journal of Probability and Statistics 3 domestic dollars, and vi investment strategies do not vary over an investment horizon. The dynamic processes of asset price and exchange rates are demonstrated as follows, respectively,
where μ d i , μ f i , and μ e i denote constant drift rates of domestic asset returns, foreign asset returns and exchange rate returns for each i ∈ {1, 2, . . . , n}, respectively; σ d i , σ f i , and σ e i ,t stand for constant volatilities of domestic asset returns, foreign asset returns and exchange rate returns for each i ∈ {1, 2, . . . , n}, respectively. The W j,t are one-dimensional Brownian motions defined in a filtered probability space Ω, F, P under the original probability measure, P for all j 1, 2, 3. Also, the correlation coefficients among the three Brownian motions are defined as corr dW 1, t , dW 2, t ρ 1, 2 , corr dW 2, t , dW 3, t ρ 2,3 , and corr dW 1, t , dW 3, t ρ 1, 3 . 3 Then, Y t is the independent Poisson process with the intensity λ at time t; dY t is independent of dW j,t for all j 1, 2, 3. The v represents E π − 1 where π − 1 is the random variable percentage in domestic assets or exchange rates resulting from a jump, and E · · · is the symbol of the expectation operator over the random variable Y t . Assume that the nature logarithm of π, the jump amplitude if the Poisson event occurs, follows normal distributions with the mean u π and variance σ 2 π , namely, ln π ∼ N u π , σ 2 π . Therefore, v E π − 1 exp u π 1/2 σ 2 π − 1. Now, consider the potential daily loss exposure to long trading positions. Typically, the VaR is a specific left-hand critical value of a potential loss distribution. Given conventions, one can define the daily losses valued in domestic dollars relative to the end-of-period expected asset value relative VaR and the initial asset value absolute VaR , denoted by VaR mean and VaR 0 as follows, respectively:
in which E t · is the expected value conditional on information at time t, V α is the value of an international portfolio denominated in domestic dollars given a percentile of α, and V T is the portfolio value at time T investment horizon , which consists of n kinds of domestic assets and foreign assets, equally V T n i 1 m i A d i ,T n i 1 g i e i,T A f i ,T . Which definition of value at risk provides a more suitable measure of risk capital allocation over investment horizon? Kupiec 9 , page 43 demonstrates that the absolute VaR is more appropriate measure of an asset's risk of posting losses. Thus, we adopt the measure throughout this paper.
Before the derivation of the VaR analytic formula for an international portfolio, it is necessary to employ the following propositions.
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Journal of Probability and Statistics Proposition 2.1. Given the dynamic processes of foreign currency denominated asset price and exchange rate following the Geometric Brownian motion, the dynamic process of n i 1 g i e i,t A f i ,t can be expressed as
Appendix A provides a detailed proof of Proposition 2.1.
Proposition 2.2.
Given the dynamic processes of asset price and exchange rates, the dynamic process of V t can be expressed as
and β i,t are also named the weights of the ith kind of domestic asset and foreign asset, respectively.
Appendix B provides a detailed proof of Proposition 2.2. Conditional on the assumption vi , the weights can be regarded as constant over the investment horizon.
Using the previous propositions, one can fast obtain the approximation of the absolute VaR by utilizing the analytic formula below:
in which the Z α stands for a critical value with a given probability α and V 0 represents the initial value of an international portfolio, v E π − 1 exp u π 1/2 σ 2 π − 1 and Figure 1 : The impact of volatility on VaR. Note that the symbols "•", " * ", and "Å" represent the impact of volatilities of domestic assets, foreign assets, and exchange rates on absolute VaRs, respectively.
By means of 2.7 , one can efficiently obtain the approximation of the VaR capital allocation for an international portfolio. The approximated analytical VaR includes some essential elements, such as volatility of underlying assets, volatility of exchange rates, the correlation coefficients, the weights of domestic assets and foreign assets, and the intensity of jumps. Also, 2.7 can be reduced to the analytic solution of Kupiec 9 4 as γ i,t 1, β i,t 0, n 1, λ 0, and dY t 0. This case represents that a firm value is only composed of a kind of domestic asset without jumps. Alternatively, 2.7 goes to the closed-form solution of Chen and Liao 10 5 as γ i,t 0, β i,t 1, n 1, λ 0, and dY t 0, which means a firm value is made up of only a kind of foreign asset with no jumps. Also, the presented model can be regarded as the extension of Kupiec 9 and Chen and Liao 10 .
Numerical Analysis
In this section, sensitivity analyses of the impacts of important parameters on VaR capital will be performed in terms of comparative statics. We start by assuming the following: i the value of a firm is made up of a line of a domestic asset and a foreign asset, and the exchange rate is the ratio of the domestic currency to the foreign currency; ii the initial value of an international portfolio is $100; iii the critical value is −2.33 at a given α of 0.01, and the investment horizon is one year T 1 ; iv the number of jumps is five; v λ 5, u π 0.5,
According to 2.7 , the effects of volatilities, correlation coefficients, and the intensities of jumps on the absolute VaR capital allocation are shown in Figures 1, 2 , and 3, respectively. There is one common phenomenon exhibited in these figures: the loss amount increases monotonically as volatilities, correlation coefficients and the intensities of jumps rise. As shown in Figures 1 and 2 , the sensitivities of the volatility of foreign assets and the correlation coefficient between foreign assets and exchange rates are higher than those of the others. Additionally, Figure 4 illustrates the relationship between the VaR and the weights of domestic assets shapes in hump. Also, the loss amount declines as the weights of foreign assets rise at around 0.5. 
Measurement of Value at Risk
For simplicity, this section simply considers the long trading positions of two international portfolios which are a small portfolio and a large portfolio. From the Taiwanese perspective, a small international portfolio includes one domestic-issued stock valued in New Taiwan dollars and one foreign-issued stock valued in U.S. dollars, and a large international portfolio comprises a domestic stock index and a foreign stock index. We then want to know the absolute VaR of the two international portfolios valued in New Taiwan dollars.
Source of the Data
Assume that a small international portfolio includes two specific domestic and foreign stocks which are TSMC and MSFT, respectively, and a large international portfolio consists of a domestic index, namely, Taiwan 
Estimation of Model Parameters
Before evaluation, it is necessary to estimate a set of model parameters for various samples. Assume the number of jumps is ten; u π 0.05, σ 2 π 0.001, and λ 0.03 for Period I, and u π 0.055, σ 2 π 0.002, and λ 0.035 for Period II. From the data, the sample means and standard deviations of TSMC, MSFT, TAIEX, S&P 500 and exchange rates in one day are shown in Table 1 . Since 1 trading day is equivalent to 1/252 year, one can obtain the sample means and variance of these random variables per annum, which are all multiplied by 252 from Panel A in Table 1 , respectively. The results are stated in Panel B in Table 1 .
From 2.1 , 2.2 , and 2.3 , the dynamic processes of log returns of random variables in domestic assets, foreign assets and exchange rates can be derived as 4.1 , respectively Assume the number of jumps is ten. Given u π 0.05, σ 2 π 0.001, and λ 0.03 for Period I, and u π 0.055, σ 2 π 0.002, and λ 0.035 for Period II, μ i and σ i demonstrate the estimation of drift terms and volatilities of asset index returns and foreign exchange returns for i d 1 , f 1 , and e 1 , respectively. Furthermore, the estimated results of μ d 1 Table 2 .
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In addition, Table 3 reports the estimations of the correlation coefficients between each asset index and exchange rates in various periods. Note that ρ 1,2 , ρ 2,3 , and ρ 1,3 denote the correlation coefficients between domestic assets indices and foreign assets indices , foreign assets indices and exchange rates NTD/USD , domestic assets and exchange rates, respectively.
Calculation of VaR
After the estimation of model parameters, we can fast obtain a one-day VaR at a 0.01 significance level for the two international portfolios consisting of a small portfolio on TSMC and MSFT and a large portfolio on TAIEX and S&P 500 indices through 2.7 . These results are summarized in Tables 4 and 5 given that the jump number is 10, Z 0.01 −2.33 at a 0.01 quantile, T 1/252 and V 0 1 initial investment ; u π 0.05, σ 2 π 0.001, and λ 0.03 for Period I, and u π 0.055, σ 2 π 0.002, and λ 0.035 for Period II. Clearly, there exists a common phenomenon-the maximum losses of initial investment of 1 New Taiwan dollar in Period I are fewer than those in Period II as the weights of foreign assets increase as shown in Tables 4 and 5 for the small portfolio and the large portfolio. This indicates it is necessary for a firm to maintain a sufficient capital amount in order to prevent default risk during the subprime mortgage crisis period. In addition, it can decrease the losses of small and large portfolios for investors to decline weights of foreign assets during the subprime mortgage crisis period.
Alternatively, historical simulation approach is employed to calculate VaRs of the two international portfolios under no specific assumptions about the distribution of risk factors. The approach simply samples from the recent historical data. Given a 0.01 significance level, the one-day VaRs are shown in Tables 4 and 5 in terms of historical simulation approach. Tables 4 and 5 consistently demonstrate that the losses valued by the analytical VaR are higher than those by the historical simulation approach in various domestic weights during both Period I and Period II. If financial managers adopt the historical simulation approach to evaluate financial risk, the firm's financial ratio such as ROE is better, but the default probability of the firm may increase on the account of a shortage of sufficient capital requirement. Hence the conservative policy of the analytical VaR model would be suitable for financial institutions to control market risk.
Evaluation of Model Accuracy
Backtesting is a widely used method of evaluating VaR accuracy. However, the criterion neglects conditioning or the important concept of violation clustering in the data. Thus Christoffersen's independence test 8 is provided in order to consider the data conditional on Note that this table displays backtesting in terms of in-sample fitting for alternative weights of domestic indices. The critical value is 3.84 at a significant level of 5%. The symbol * denotes the significance at a 5% level. The VaRs are the maximum losses of the initial investment of 1 New Taiwan dollar NTD over a one-day horizon. current conditions. This section will perform backtesting and Christoffersen's independence test 8 to examine the statistical sufficiency of the proposed model for a small international portfolio and a large international portfolio on the basis of the results estimated above. Moreover, we compare the accuracy of the analytical VaR derived from 2.7 with that of the historical simulation in terms of backtesting and the Christoffersen's independence test 8 for the two international portfolios.
Backtesting Criterion
The usual backtesting techniques consider the number of violations at which the losses are larger than VaR. The proportion of times should be equal to one minus the VaR confidence level; in other words, the model should provide the correct unconditional coverage. In order to test the null hypothesis that the unconditional coverage equals the significant level, Kupiec 11 presents a likelihood ratio statistic. Given a VaR at the 1percent level left tail over daily horizon for a total of D, one can count how many times the actual loss exceeds one day's VaR. Define d as the number of exceptions and d/D as the exception rate. The null hypothesis is that a given confidence level for losses is the true probability. Kupiec 11 approximates 95% confidence regions, denoted by q for the test. The unconditional coverage is defined by the log-likelihood ratio:
5.1
The LR uc statistic has a chi-square distribution with one degree of freedom. One would reject the null hypothesis if LR uc > 3.84 at a 95% confidence level. The test procedure described above is called backtesting. Assume that the jump number is 10, Z 0.01 −2.33 at a 0.01 quantile, T 1/252 and V 0 1 initial investment ; u π 0.05, σ 2 π 0.001, and λ 0.03 for Period I, and u π 0.055, σ 2 π 0.002, and λ 0.035 for Period II. In in-sample fitting, the time window length is the period from January 1, 2004 to November 27, 2009, which is broken into two periods, labelled Period I and Period II. Period I is from January 1, 2004 to July 31, 2007, during which the subprime mortgage crisis had not yet occurred; Period II is from August 1, 2007 to November 27, 2009 . Tables 4 and 5 demonstrate that using the historical approach, the null hypothesis for a small portfolio is accepted at a significance level of 5% in various weights during Period I, while it is not accepted for a large portfolio during Period II. The accuracy of the analytical VaR is higher than that of the historical approach during Period II as shown in Table 5 .
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To summarize, the VaR model presented by this paper can be almost used to accurately calculate VaRs with various domestic weights for the two international portfolios based on the backtesting criterion.
Christoffersen's Independence Test
In 1998, Christoffersen extended the LR uc statistic to present interval forecast test for testing conditional coverage hypothesis. It can be done in a likelihood ratio, symbolized by LR ind . The relevant test statistic is LR ind −2 ln 1 − π n 00 n 10 π n 01 n 11 1 − π 0 n 00 π n 01 0 1 − π 1 n 10 π n 11 1 ,
5.2
in which π i stands for the probability of observing an exception conditional on state i the previous day; n ij is defined as the number of days in which state j occurred in one day while it was at i the previous day and π n 01 n 11 / n 00 n 01 n 10 n 11 . Each day we set a deviation indicator to 0 if VaR is not exceeded and to 1 otherwise. The critical value is 3.84 at the 95% percentile of the χ 2 distribution with one degree of freedom. One would reject the null hypothesis if LR ind > 3.84.
The combined test statistic for conditional coverage is then
The sum is distributed as χ 2 2 . Thus one would reject the null hypothesis at the 95 percent test confidence level if LR cc > 5.991. Assume the domestic weights are 0.5 for the small portfolio and the large portfolio. Suppose the weights of domestic assets are 50% for a small portfolio and a large portfolio. As illustrated in Table 6 , of 780 days, Panel A illustrates n 00 410, n 01 110, n 10 125, and n 11 35, which are the fractions of π 0 0.2115, π 1 0.2188 and π 0.2132 in Period I, and Panel B exhibits, of 587 days, n 00 380, n 01 120, n 10 67, and n 11 20, which are the fractions of π 0 0.24, π 1 0.2299 and π 0.2385 in Period II for a small portfolio through the historical simulation approach. Consequently, the statistics of LR ind 0.0378 and LR ind 0.042 can be, respectively, obtained in terms of the historical simulation in Period I and Period II. Similarly, from Panels C and D in Table 6 , the statistics are LR ind 0.7619 and LR ind 4.5129 based on the analytical VaR for a small international portfolio in Period I and Period II, respectively. As for a large portfolio, LR ind 5.8499, LR ind 4.4902, LR ind 0.3603 and LR ind 1.3659 are found from Panels A, B, C and D in Table 7 , respectively. As a result, the null hypothesis is almost accepted except Panel D in Table 6 for a small portfolio through the analytical VaR during the subprime mortgage crisis. However, as for a large portfolio, the null hypothesis cannot be accepted under the historical simulation method during in Period I and Period II.
On the other hand, as the domestic weights are 0.5, all the LR cc -statistics based on the analytical VaR approach are consistently less than the cutoff value of 5.991 in any scenario, whereas the sum of LR uc and LR ind from the historical simulation criterion is higher than the critical value of 5.991 for a large portfolio as shown in Tables 5 and 7 . Generally speaking, these results disclose that the accuracy of the analytical VaR model is more reliable than that of the historical simulation in terms of Christoffersen's Independence Test. Hence, the analytical VaR model can efficiently evaluate the market risk of a small portfolio and a large international portfolio distributed in nonnormality in terms of backtesting and Christoffersen's independence test 8 over the subprime mortgage crisis.
Conclusion
One advantage of VaR is that it is an intuitively appealing measure of risk that can be easily conveyed to a firm's senior manager. The measure most commonly used assumes that the probability distribution of daily asset returns is normal. However, this assumption is far from conditions in the actual world. This paper provides a mixed Poisson-jump model for an international portfolio to manage market risk, in particular the subprime mortgage crisis of August 2007. Differing from past studies whose portfolios were valued only in one currency, this model considers portfolios not only with jumps but also with exchange rate risk. It is vital for investors to consider exchange rate risk in highly integrated global financial markets.
Additionally, in terms of backtesting and Christoffersen's independence test 8 , the finding is that the model is more capable of accurately reflecting the loss probability of 1% than the historical simulation approach. Especially for a large portfolio, the proposed method in this paper is a more efficient way in the presence of asymmetric and fat-tail portfolio returns during periods of financial turbulence. In other words, the proposed model is reliable not only for a small portfolio on specific stocks but also for a large portfolio.
